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We propose a renormalization group (RG) theory of eigen microstates, which are introduced in the statistical

ensemble composed of microstates obtained from experiments or computer simulations. A microstate in the

ensemble can be considered as a linear superposition of eigen microstates with probability amplitudes equal to

their eigenvalues. Under the renormalization of a factor 𝑏, the largest eigenvalue 𝜎1 has two trivial fixed points at

low and high temperature limits and a critical fixed point with the RG relation 𝜎𝑏
1 = 𝑏𝛽/𝜈𝜎1, where 𝛽 and 𝜈 are

the critical exponents of order parameter and correlation length, respectively. With the Ising model in different

dimensions, it has been demonstrated that the RG theory of eigen microstates is able to identify the critical

point and to predict critical exponents and the universality class. Our theory can be used in research of critical

phenomena both in equilibrium and non-equilibrium systems without considering the Hamiltonian, which is the

foundation of Wilson’s RG theory and is absent for most complex systems.

DOI: 10.1088/0256-307X/39/8/080503

In systems consisting of many components (atoms,

molecules, electrons, spins, etc.), one of the most striking

phenomena is the emergence of diverse types of collective

behavior, i.e., phases. [1,2] Under slight changes of external

conditions, the systems may have dramatic structural re-

arrangements, i.e., phase transitions. An emergent phase

is characterized by the so-called order parameter, which

was introduced by Landau. [3] In association with contin-

uous change or discontinuous jump of order parameter at

the transition point, the phase transition is continuous or

discontinuous.

Near the transition point of a continuous phase tran-

sition, the correlation length 𝜉 is much larger than the

microscopic length scale 𝑎̃. Hence, 𝑎̃ becomes irrelevant

and 𝜉 is the only important length scale. The critical be-

haviors of system are governed by fluctuations that are

statistically self-similar up to 𝜉. Kadanoff took advantage

of this self-similarity and introduced the block spin scaling

that gradually eliminates the correlated degrees of freedom

at length scales 𝑟 ≪ 𝜉. [4] The major breakthrough in the

theory of critical phenomena came with the renormaliza-

tion group (RG) theory of Wilson [5,6] and co-workers, [7,8]

which is based on the similarity of Hamiltonian during the

renormalization. The RG theory has been well established

and its theoretical predictions have been verified by exper-

iments under the low-gravity environment of space. [9]

The RG theory of critical phenomena has elucidated

the mathematical mechanism for scaling and universality

which states that all phase transitions can be divided into

several distinct classes. [10] Within a given class, all crit-

ical points have the same asymptotic behaviors. [10] For

very different systems (e.g., fluids and magnets) within

a given class, there is the so-called two-scale factor uni-

versality so that the asymptotic critical behavior is be-

lieved to be known completely provided that two nonuni-

versal amplitudes are given. [11–15] However, it is proved

by the RG of the 𝑂(𝑛) symmetric 𝜑4 field theory with

the spatially anisotropic Hamiltonian that the two-scale

factor universality is valid for isotropic systems like fluids

but not for anisotropic systems. [16] This new finding is of

special importance since the anisotropy exists widely in

real systems. [17] The predicted dependence of the critical

Binder cumulant on the anisotropy has been confirmed by

the Monte Carlo studies of the Ising models. [18,19]

Nowadays, we need to study urgently the critical phe-

nomena of complex systems without knowledge of their

Hamiltonian. [20,21] Recently, we proposed an eigen mi-

crostate approach (EMA) [22,23] based on microstates ob-

tained from experiments or simulations. The statistical

ensemble composed of the microstates during an obser-

vation time period is described by a normalized matrix.

From this matrix we can calculate eigen microstates. Now,

we can consider a microstate as a linear superposition of

eigen microstates with probability amplitudes equal to the

corresponding eigenvalues. A finite eigenvalue in the ther-

modynamic limits indicates the condensation of eigen mi-

crostate and the emergence of a phase described by the

eigen microstate. This approach is a generalization of the

Bose–Einstein condensation of Bose gas and can be used

to study phase transitions of broad interests. The order
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parameter of phase transition is identified naturally as the

eigenvalue, which follows a finite-size scaling scaling form

in the critical region. According to the finite-size scaling

form, we can calculate critical exponents of a phase tran-

sition and fix its universality class. The EMA has been

applied successfully to study the equilibrium phase tran-

sitions of the Ising model [22,23] and the Viscek model of

the non-equilibrium collective motion. [24] In addition, we

have used EMA to investigate global temperature fluctua-

tions of the Earth [23] and spatial distribution of ozone at

different geopotential heights, [25] based on empirical data.

In this Letter, we propose the RG theory of eigen mi-

crostates. First, we summarize the RG theory of Wilson

based on the Hamiltonian in the following.

We consider the Ising model on a 𝑑-dimensional lattice

with size 𝐿 and lattice spacing 𝑎̃. Its Hamiltonian can be

written as

𝛽𝐻 = 𝐻̃(𝐾,ℎ; {𝑠𝑖}) = −𝐾
∑︁
⟨𝑖,𝑗⟩

𝑠𝑖𝑠𝑗 − ℎ
∑︁
𝑖

𝑠𝑖, (1)

where 𝛽 = 1/𝑘B𝑇 , 𝑠𝑖 = ±1, and ℎ is the external field. Its

partition function can be calculated as

𝑍(𝐾,ℎ;𝐿) =
∑︁
{𝑠𝑖}

exp[−𝐻̃(𝐾,ℎ; {𝑠𝑖})]. (2)

All thermodynamic quantities can be obtained from this

partition function.

In the RG theory, the first step is to decrease the res-

olution by changing the minimum length scale from 𝑎̃ to

𝑏𝑎̃, where 𝑏 > 1. The cell of size (𝑏𝑎̃)𝑑 has 𝑁𝐼 = 𝑏𝑑 spins

and 2𝑁𝐼 microstates. We divide the 2𝑁𝐼 microstates into

two groups, which are represented by 𝜎𝐼 and have cell spin

𝑆𝐼 = ±1. All spins of the system can be expressed from

{𝑠𝑖} to {𝑆𝐼 , 𝜎𝐼}. In the calculation of partition function,

we consider first the contributions of all 𝜎𝐼 for a set of cell

spins {𝑆𝐼} and have

𝑍(𝐾,ℎ;𝐿) =
∑︁
{𝑆𝐼}

exp[−𝐻̃eff(𝐾𝑏, ℎ𝑏; {𝑆𝐼})]

= 𝑍eff(𝐾𝑏, ℎ𝑏;𝐿/𝑏), (3)

where 𝐾𝑏 is related to the interaction between cell spins

and ℎ𝑏 is the external field acting on cell spins.

The free energy density takes the form

𝑓(𝐾,ℎ;𝐿) = − ln𝑍(𝐾,ℎ;𝐿)

𝑉
= − ln𝑍eff(𝐾𝑏, ℎ𝑏;𝐿)

𝑏𝑑 𝑉𝑏
, (4)

where 𝑉 = 𝐿𝑑, 𝑉𝑏 = (𝐿/𝑏)𝑑. The singular part of free

energy density follows the relation

𝑓𝑠(𝐾,ℎ;𝐿/𝑎̃) = 𝑏−𝑑𝑓𝑠(𝐾𝑏, ℎ𝑏;𝐿/𝑏𝑎̃), (5)

where 𝐾𝑏 and ℎ𝑏 follow the RG transforms

𝐾𝑏 = 𝐾𝑅𝑏
1(𝐾), (6)

ℎ𝑏 = ℎ𝑅𝑏
2(𝐾). (7)

These transforms have two trivial fixed points:

(1) (𝐾 = 0, ℎ = 0),

(2) (𝐾 = ∞, ℎ = 0),

which correspond to high temperature limit 𝑇 = ∞ and

low temperature limit 𝑇 = 0, respectively.

In addition, there is a non-trivial fixed point (𝐾 = 𝐾*,

ℎ = 0), which corresponds to a critical point. Near this

fixed point with small 𝛿𝐾 = 𝐾 −𝐾* and 𝛿ℎ = ℎ, we have

the RG transforms

𝛿𝐾𝑏 = 𝜆𝐾𝛿𝐾, (8)

𝛿ℎ𝑏 = 𝜆ℎ𝛿ℎ. (9)

The reduced temperature 𝑡 = (𝐾* −𝐾)/𝐾* is related to

𝛿𝐾 as 𝑡 = −𝛿𝐾/𝐾*.

At ℎ = 0, the correlation length approaches infinity

with 𝑡 → 0 in power law as 𝜉(𝑡) = 𝜉0𝑡
−𝜈 . At 𝑡 = 0, the

correlation length goes to infinity with ℎ → 0 as 𝜉ℎ(ℎ) =

𝜉0ℎℎ
−𝜈ℎ . After the renormalization with factor 𝑏, the sys-

tem is taken away from the critical point with smaller cor-

relation lengths 𝜉(𝑡𝑏) = 𝜉(𝑡)/𝑏 and 𝜉ℎ(ℎ𝑏) = 𝜉ℎ(ℎ)/𝑏. Then

we have 𝑡𝑏 = 𝑏1/𝜈𝑡 and ℎ𝑏 = 𝑏1/𝜈ℎℎ. Using the RG trans-

forms of Eqs. (8) and (9), we obtain the critical exponents

𝜈 = ln 𝑏/ ln𝜆𝐾 , (10)

𝜈ℎ = ln 𝑏/ ln𝜆ℎ. (11)

We rewrite the singular part of free energy density as

functions of 𝑡 and ℎ and have

𝑓𝑠(𝑡, ℎ;𝐿/𝑎̃) = 𝑏−𝑑𝑓𝑠(𝑡𝑏
1/𝜈 , ℎ𝑏1/𝜈ℎ ;𝐿/𝑏𝑎̃). (12)

The order parameter, susceptibility, and specific heat can

be calculated by the derivatives of 𝑓𝑠 with respect to ℎ and

𝑡 as

𝑚(𝑡, ℎ;𝐿/𝑎̃) = (𝑏)1/𝜈ℎ−𝑑𝑓 (1,ℎ)
𝑠 (𝑡𝑏1/𝜈 , ℎ𝑏1/𝜈ℎ ;𝐿/𝑏𝑎̃), (13)

𝜒(𝑡, ℎ;𝐿/𝑎̃) = (𝑏)2/𝜈ℎ−𝑑𝑓 (2,ℎ)
𝑠 (𝑡𝑏1/𝜈 , ℎ𝑏1/𝜈ℎ ;𝐿/𝑏𝑎̃), (14)

𝐶𝑠(𝑡, ℎ;𝐿/𝑎̃) = (𝑏)2/𝜈−𝑑𝑓 (2,𝑡)
𝑠 (𝑡𝑏1/𝜈 , ℎ𝑏1/𝜈ℎ ;𝐿/𝑏𝑎̃). (15)

After taking ℎ = 0 and the limit 𝐿 → ∞, we choose

𝑏 ∝ 𝑡−𝜈 for 𝑡 > 0 and 𝑏 ∝ (−𝑡)−𝜈 for 𝑡 < 0. Then we

obtain the bulk order parameter

𝑚(𝑡, 0;∞) =

{︃
𝑎𝑚(−𝑡)𝛽 , for 𝑡 ≤ 0,

0 , for 𝑡 > 0,
(16)

with 𝛽 = 𝑑𝜈 − 𝜈/𝜈ℎ, the bulk susceptibility

𝜒(𝑡, 0;∞) =

{︃
𝑎−
𝜒 (−𝑡)−𝛾 , for 𝑡 ≤ 0 ,

𝑎+
𝜒 𝑡

−𝛾 , for 𝑡 > 0 ,
(17)

with 𝛾 = 2𝜈/𝜈ℎ − 𝑑𝜈, and the bulk specific heat

𝐶𝑠(𝑡, 0;∞) =

{︃
𝑎−
𝑐 (−𝑡)−𝛼 , for 𝑡 ≤ 0 ,

𝑎+
𝑐 𝑡

−𝛼 , for 𝑡 > 0 ,
(18)

with 𝛼 = 2− 𝑑𝜈.

The critical behaviors of thermodynamic quantities are

essentially realized by the divergence of correlation length

𝜉 when approaching the critical point. The clusters com-

posed of the correlated components possess the sizes pro-

portional to 𝜉𝑑. The reduced critical exponents of thermo-

dynamic quantities with respect to 𝜉𝑑 are more essential.

They are 𝛽 = 𝛽/𝑑𝜈, 𝛾 = 𝛾/𝑑𝜈, and 𝛼̄ = 𝛼/𝑑𝜈, etc. The

critical exponents of 𝜉𝑑 are 𝜈 ≡ 𝑑𝜈 and 𝜈ℎ ≡ 𝑑𝜈ℎ. Now,

the reduced critical exponents depend only on 𝜈 and 𝜈ℎ as

𝛽 = 1− 1/𝜈ℎ, 𝛾 = 2/𝜈ℎ − 1, and 𝛼̄ = 2/𝜈 − 1.
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For the Ising model on 𝑑-dimensional lattice, 𝜈 = 1.0,

0.63012(16), [26] and 0.5 for 𝑑 = 2, 3, and 4, respectively.

Correspondingly, we have 𝜈 = 2.0, 1.89036(48), 2.0, which

show a weak dependence on dimension 𝑑. In the bond per-

colation on one- and two-dimensional lattices with long-

range connection probability 𝑃 (𝑟) ∝ 𝑟−(𝑑+𝜎) for 𝜎 < 0, it

was found that 𝜈 keeps to be the same. [27]

Now, we rewrite the singular part of free energy as

𝑓𝑠(𝑡, ℎ;𝐿/𝑎̃) = (𝑏𝑑)−1𝑓𝑠(𝑡(𝑏
𝑑)1/𝜈 , ℎ(𝑏𝑑)1/𝜈ℎ ;𝑁/𝑏𝑑), (19)

where 𝑁 = (𝐿/𝑎̃)𝑑. Then we obtain the RG transforma-

tion of the thermodynamic functions as follows:

𝑚(𝑡, ℎ;𝐿/𝑎̃) = (𝑏𝑑)−𝛽𝑓 (1,ℎ)
𝑠 (𝑡(𝑏𝑑)1/𝜈 , ℎ(𝑏𝑑)1/𝜈ℎ ;𝑁𝑏), (20)

𝜒(𝑡, ℎ;𝐿/𝑎̃) = (𝑏𝑑)𝛾𝑓 (2,ℎ)
𝑠 (𝑡(𝑏𝑑)1/𝜈 , ℎ(𝑏𝑑)1/𝜈ℎ ;𝑁𝑏), (21)

𝐶𝑠(𝑡, ℎ;𝐿/𝑎̃) = (𝑏𝑑)𝛼̄𝑓 (2,𝑡)
𝑠 (𝑡(𝑏𝑑)1/𝜈 , ℎ(𝑏𝑑)1/𝜈ℎ ;𝑁𝑏), (22)

where 𝑁𝑏 = 𝑁/𝑏𝑑. With 𝑏𝑑 = 𝑁 and 𝑁𝑏 = 1, we can reach

the finite-size scaling form [28]

𝑓𝑠(𝑡, ℎ;𝐿/𝑎̃) = 𝑁−1𝑌 (𝑡𝑁1/𝜈 , ℎ𝑁1/𝜈ℎ), (23)

and the thermodynamic quantities

𝑚(𝑡, ℎ;𝐿/𝑎̃) = 𝑁−𝛽𝐹𝑚(𝑡𝑁1/𝜈 , ℎ𝑁1/𝜈ℎ), (24)

𝜒(𝑡, ℎ;𝐿/𝑎̃) = 𝑁𝛾𝐹𝜒(𝑡𝑁
1/𝜈 , ℎ𝑁1/𝜈ℎ), (25)

𝐶𝑠(𝑡, ℎ;𝐿/𝑎̃) = 𝑁 𝛼̄𝐹c(𝑡𝑁
1/𝜈 , ℎ𝑁1/𝜈ℎ). (26)

As pointed out above, the RG theory of Wilson [5,6]

cannot be applied to the systems whose Hamiltonian is

unknown. To be able to study the critical phenomena of

these systems, we develop here the RG theory of eigen

microstates.

The EMA developed by us [23,24] follows the concept

of statistical ensemble, which was introduced by Gibbs

in 1902. [29] The statistical ensemble is composed of mi-

crostates of a system, which are defined by the states of

individuals in the system. Gibbs proposed to describe

the statistical ensemble by the probability density of mi-

crostate. For equilibrium systems under three different

thermodynamic conditions, the microcanonical, canonical,

and grand canonical probability densities of microstate

were given by Gibbs. [29] The thermodynamic properties of

equilibrium system with known energy function can be cal-

culated using the probability density of microstate. How-

ever, for a lot of complex systems, both energy function

and probability density of microstate are unknown. We

must go a new way. Instead of caring the energy function

and the probability density of microstate, we study the

eigen microstates of statistical ensemble to identify the

collective and emergent behaviors of system.

We consider a complex system composed of 𝑁 agents,

which have states 𝑠𝑖(𝜏) with 𝑖 = 1, 2, . . . , 𝑁 and 𝜏 =

1, 2, . . . ,𝑀 . The microstate at time 𝜏 is defined as

𝑆(𝜏) =

⎡⎢⎢⎢⎢⎣
𝑆1(𝜏)

𝑆2(𝜏)
...

𝑆𝑁 (𝜏)

⎤⎥⎥⎥⎥⎦ . (27)

We take 𝑀 > 𝑁 microstates to compose a statistical en-

semble, which is described by an 𝑁 × 𝑀 matrix 𝐴 with

elements

𝐴𝑖𝜏 = 𝑆𝑖(𝜏)/
√
𝐶0, (28)

where 𝐶0 =
∑︀𝑀

𝜏=1

∑︀𝑁
𝑖=1 𝑆

2
𝑖 (𝜏) so that Tr(𝐴 ·𝐴T) = 1.

From the correlation matrix between agent states 𝐾 =

𝐴𝐴T, we can calculate eigenvectors 𝑈𝐼 , 𝐼 = 1, 2, . . . , 𝑁 .

The correlation matrix between microstates 𝐶 = 𝐴T𝐴

has 𝑀 eigenvectors 𝑉𝐼 , 𝐼 = 1, 2, . . . ,𝑀 .

According to the singular value decomposition (SVD),

the ensemble matrix 𝐴 can be decomposed as

𝐴 =

𝑁∑︁
𝐼=1

𝜎𝐼𝑈𝐼 ⊗ 𝑉𝐼 , (29)

where
∑︀𝑁

𝐼=1 𝜎
2
𝐼 = 1. According to the decomposition,

we can consider microstate 𝑆(𝜏) as a linear superpo-

sition of eigen microstates 𝑈𝐼 by the relation 𝑆(𝜏) =∑︀𝑁
𝐼=1 𝜎𝐼𝑉𝜏𝐼𝑈𝐼

√
𝐶0, where 𝜎𝐼 is the probability amplitude

of 𝑈𝐼 .

For complex systems without dominant eigen mi-

crostate, all 𝜎𝐼 → 0 in the limits 𝑁 → ∞, 𝑀 → ∞.

With the finite limit of 𝜎𝐼 there is a condensation of eigen

microstate 𝑈𝐼 , which is similar to the Bose–Einstein con-

densation of Bose gas. This condensation corresponds to

a phase transition with the new phase 𝑈𝐼 and the order

parameter 𝜎𝐼 .

It is essential in the EMA to define microstates prop-

erly in order to catch the relevant properties of a system.

The microstates of different systems could be quite differ-

ent. For the Ising models, microstates are defined by all

spins of system. [22,23] In the collective motion of living sys-

tems, microstates are described by the neighborhood den-

sity fluctuations and the orientations of velocity. [22,23] In

studies of the Earth system with EMA, the reduced tem-

perature fluctuations and the ozone’s variations are used

for microstates respectively. [23,25]

The principal component analysis (PCA) is a algo-

rithm to transform the columns of a dataset into a new set

of principal components. After doing this, the information

across the full dataset is effectively compressed in fewer

principal components. We have applied the PCA to the

two-dimensional Ising model and found that the eigenval-

ues are related to the susceptibility. [30] The spatial distri-

butions of principal components were also investigated. [30]

In comparison with the application of PCA, the EMA

forces us to define properly the microstates of a system

first from the dataset and then compose a statistical en-

semble. With the application of the EMA, we can obtain

not only the eigen microstates 𝑈𝐼 , but also their evolutions

with time 𝑉𝐼 and the order parameter 𝜎𝐼 . The essential

and important information of system is contained in 𝑉𝐼 .

As an example, 𝑉𝐼 of the Earth system is related very

closely to the global monsoon and the Oceanic Niño in-

dexes at 𝐼 = 2 and 𝐼 = 5, respectively. [23] Thus, 𝑉𝐼 is

very helpful for identifying the features of the eigen mi-

crostate 𝑈𝐼 . Recently, it was attempted to bring the PCA

into contact with RG. [31]

It has been confirmed [22–24] that 𝜎𝐼 of 𝑑-dimensional
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system with𝑁 = (𝐿/𝑎̃)𝑑 follows the finite-size scaling form

𝜎𝐼(𝑡, ℎ;𝐿/𝑎̃) = 𝑉 −𝛽𝐹𝐼(𝑡𝑉
1/𝜈 , ℎ𝑉 1/𝜈ℎ), (30)

in the asymptotic region |𝑡| ≪ 1, |ℎ| ≪ 1, and 𝐿/𝑎̃ ≫ 1.

After the RG transformation with minimum length

scale changed from 𝑎̃ to 𝑏𝑎̃, we define the states of a cell

with the size (𝑏𝑎̃)𝑑 from the states of all agents within the

cell. Using the cell states we can obtain then the renor-

malized microstates 𝑆𝑏(𝜏) and the renormalized ensemble

matrix 𝐴𝑏. With new eigenvalues 𝜎𝑏
𝐼 and new eigenvectors

𝑈 𝑏
𝐼 , 𝑉

𝑏
𝐼 , 𝐴

𝑏 can be decomposed correspondingly as

𝐴𝑏 =

𝑁𝑏∑︁
𝐼=1

𝜎𝑏
𝐼𝑈

𝑏
𝐼 ⊗ 𝑉 𝑏

𝐼 , (31)

where 𝑁𝑏 = 𝑁/𝑏𝑑 and
∑︀𝑁𝑏

𝐼=1(𝜎
𝑏
𝐼)

2 = 1.

At high-temperature limit 𝑇 = ∞, no eigen mi-

crostates are dominant and 𝜎𝐼 ∝ 1/
√
𝑁 . The eigenvalue

𝜎𝑏
1 scales as 𝜎𝑏

1 = 𝑏𝜔𝜎1 with 𝜔 = 𝑑/2.

At low-temperature limit 𝑇 = 0, 𝜎1 = 1. After the RG

transformation, we have 𝜎𝑏
1 = 1 so that 𝜎𝑏

1 = 𝑏𝜔𝜎1 with

𝜔 = 0.
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Fig. 1. Renormalized eigenvalue 𝜎𝑏
1 of the two-

dimensional Ising model with 𝐿/𝑎̃ = 256 and ℎ = 0 (a) at
low temperature and (b) at high temperature, (c) scaling
function of 𝜎𝑏

1 at hight temperature. The error bars of
data hereafter are smaller than their symbols.

In the critical region, the eigenvalue after RG transfor-

mation becomes

𝜎𝑏
1(𝑡, ℎ;𝐿/𝑎̃) = 𝜎1(𝑡𝑏, ℎ𝑏;𝐿/𝑏𝑎̃), (32)

where 𝑡𝑏 = 𝑡𝑏1/𝜈 and ℎ𝑏 = ℎ𝑏1/𝜈ℎ .

In the following, we apply the RG theory of eigen

microstates to the 𝑑-dimensional Ising model with near-

est neighbor interaction on square lattice under periodic

boundary conditions. The 𝑑-dimensional Ising models at

𝑑 = 3, 2, 1 with 𝑁 = (𝐿/𝑎̃)𝑑 spins are simulated using

the Wolff algorithm [32] at different reduced temperatures

𝑇 = 1/𝐾 and external fields ℎ. The bootstrap method is

used to get final results and their statistical errors.

In Fig. 1 we show the renormalized eigenvalue 𝜎𝑏
1 at low

and high temperatures of two-dimensional Ising model at

ℎ = 0. At low- and hight-temperature limits, 𝜎𝑏
1 = 𝑏𝜔𝜎1

are revealed with 𝜔 = 0 and 𝜔 = 𝑑/2 = 1, respectively.

Using the scaling form

𝜎𝑏
1(𝑡, ℎ;𝐿/𝑎̃) = 𝑁−𝛽

𝑏 𝐹1(𝑡𝑏𝑁
1/𝜈
𝑏 , ℎ𝑏𝑁

1/𝜈ℎ
𝑏 ) (33)

with 𝑡𝑏𝑁
1/𝜈
𝑏 = 𝑡𝑁1/𝜈 and ℎ𝑏𝑁

1/𝜈ℎ
𝑏 = ℎ𝑁1/𝜈ℎ , we can ob-

tain the following RG relation

𝜎𝑏
1(𝑡, ℎ;𝐿/𝑎̃) = 𝑏𝛽/𝜈𝜎1(𝑡, ℎ;𝐿/𝑎̃). (34)

Therefore, ln𝜎𝑏
1 = 𝛽/𝜈 ln 𝑏 + ln𝜎1 and the log-log plot of

𝜎𝑏
1 with respect to 𝑏 is a straight line with slope equal to

𝛽/𝜈. This can be used to identify critical phenomenon and

its universality class.

In Fig. 2, the renormalized eigenvalue 𝜎𝑏
1 of the two-

dimensional Ising model at ℎ = 0 is presented for temper-

atures near the critical point. We find the straight lines

with slope 𝛽/𝜈 = 0.1249(3), in agreement with the ex-

act value (𝛽/𝜈)exact = 0.125. The RG relation of eigen

microstate has been confirmed by the Monte Carlo data.
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Fig. 2. Renormalized eigenvalue 𝜎𝑏
1 of the two-

dimensional Ising model with 𝐿/𝑎̃ = 256 and in the critical
region with ℎ = 0: (a) log-log plot of 𝜎𝑏

1 versus 𝑏, with the
straight line being the best fit to the data, (b) 𝜎𝑏

1 versus
𝑇 for different 𝑏, (c) scaling function of 𝜎𝑏

1 versus 𝑇 .

In Fig. 3, the renormalized eigenvalue 𝜎𝑏
1 of the two-

dimensional Ising model at 𝑇 = 𝑇c are given for small ℎ

in the critical region. Straight lines with slope 𝛽/𝜈 are

also found. They confirm again the RG relation of eigen

microstate.

The eigenvalues 𝜎2 is comparable with 𝜎1 in the critical

region [22,23] and there is also the RG relation

𝜎𝑏
2(𝑡, ℎ;𝐿/𝑎̃) = 𝑁−𝛽

𝑏 𝐹2(𝑡𝑏𝑁
1/𝜈
𝑏 , ℎ𝑏𝑁

1/𝜈ℎ
𝑏 )

= 𝑏𝛽/𝜈𝜎2(𝑡, ℎ;𝐿/𝑎̃). (35)

We introduce the ratio

𝑟(𝑡, ℎ;𝐿/𝑎̃) = 𝜎2(𝑡, ℎ;𝐿/𝑎̃)/𝜎1(𝑡, ℎ;𝐿/𝑎̃)

= 𝐹2(𝑡𝑁
1/𝜈 , ℎ𝑁1/𝜈ℎ)/𝐹1(𝑡𝑁

1/𝜈 , ℎ𝑁1/𝜈ℎ), (36)
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which is unchanged under the renormalization and is uni-

versal.
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Fig. 3. Renormalized eigenvalue 𝜎𝑏
1 of the two-

dimensional Ising model with 𝐿/𝑎̃ = 256 and in the crit-
ical region with 𝑇 = 𝑇c. (a) Log-log plot of 𝜎𝑏

1 versus 𝑏.
At different ℎ, data follow different straight lines with the
same slope 𝛽/𝜈. (b) 𝜎𝑏

1 versus ℎ for different 𝑏. (c) Scaling
function of 𝜎𝑏

1 versus ℎ.

In order to fix critical point precisely, we study the

following ratio

𝑅(𝑡, ℎ;𝐿/𝑎̃, 𝑏) =
𝑟(𝑡, ℎ;𝐿/𝑎̃)

𝑟(𝑡, ℎ;𝐿/𝑏𝑎̃)

=
𝐹1(𝑡𝑁

1/𝜈
𝑏 , ℎ𝑁

1/𝜈ℎ
𝑏 )

𝐹1(𝑡𝑁1/𝜈 , ℎ𝑁1/𝜈ℎ)

× 𝐹2(𝑡𝑁
1/𝜈 , ℎ𝑁1/𝜈ℎ)

𝐹2(𝑡𝑁
1/𝜈
𝑏 , ℎ𝑁

1/𝜈ℎ
𝑏 )

. (37)

At the critical point with 𝑡 = 0 and ℎ = ℎc = 0, 𝑅 becomes

independent of 𝐿/𝑎̃ and 𝑏, and 𝑅c = 1. This can be used

to determine the critical point easily, by searching for the

fixed point of 𝑅 with respect to 𝑏 and 𝑅c = 1.
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Fig. 4. Ratio 𝑅(𝑡, ℎ;𝐿/𝑎̃, 𝑏) of two-dimensional Ising
model with 𝐿 = 256 and 𝑏 = 2, 4, 8. (a) At ℎc = 0,
𝑅 has a fixed point at 𝑇c = 2.269 and 𝑅c = 1. (b) At
𝑇 = 𝑇c, 𝑅 has a fixed point at ℎc = 0 and 𝑅c = 1.

In Fig. 4, we present 𝑅(𝑡, ℎ;𝐿/𝑎̃, 𝑏) of the two-

dimensional Ising model with 𝐿/𝑎̃ = 256 and 𝑏 = 2, 4, 8.

At ℎc = 0, there is a fixed point at 𝑇c = 2.269. At 𝑇 = 𝑇c,

there is a fixed point at ℎ = 0.

To calculate the critical exponents 𝜈 and 𝜈ℎ, we solve

the following equations

𝜎1(𝑡, 0;𝐿/𝑏𝑎̃) = 𝜎𝑏
1(𝑡0, 0;𝐿/𝑎̃) (38)

and

𝜎1(0, ℎ;𝐿/𝑏𝑎̃) = 𝜎𝑏
1(0, ℎ0;𝐿/𝑎̃) (39)

for given 𝑡0 and ℎ0 in the critical region. With their solu-

tions 𝑡𝑏0 and ℎ𝑏
0, we can calculate the critical exponents

𝜈 = 𝑑 ln 𝑏/ ln(𝑡𝑏0/𝑡0), (40)

𝜈ℎ = 𝑑 ln 𝑏/ ln(ℎ𝑏
0/ℎ0). (41)

From 𝜈 and 𝜈ℎ, we can obtain other critical exponents

𝛽 = 1− 1/𝜈ℎ, 𝛾 = 2/𝜈ℎ − 1, and 𝛼̄ = 2/𝜈 − 1.
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Fig. 5. Solutions of 𝜎1(𝑡, 0;𝐿/𝑏𝑎̃) = 𝜎𝑏
1(𝑡0, 0;𝐿/𝑎̃) at dif-

ferent 𝑡0 for the two-dimensional Ising model. The colorful
dash lines depict 𝜎𝑏

1(𝑡0, 0;𝐿/𝑎̃) with 𝑡0 = 0.01, 0.02, 0.03,
0.04, 0.05. The black circles depict 𝜎1(𝑡, 0;𝐿/𝑏𝑎̃) with re-
spect to 𝑡.
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Fig. 6. Renormalized eigenvalue 𝜎𝑏
1 of the three-

dimensional Ising model with 𝐿/𝑎̃ = 64 and in the critical
region with ℎ = 0. (a) Log-log plot of 𝜎𝑏

1 versus 𝑏. At dif-
ferent 𝑇 , data follow different straight lines with the same
slope 𝛽/𝜈. (b) 𝑅(𝑡, ℎ;𝐿/𝑎̃, 𝑏) at 𝑏 = 2, 4, having a cross
point at 𝑇c = 4.5115. (c) 𝜎𝑏

1 with respect to 𝑇 for different
𝑏. (d) Scaling function of 𝜎𝑏

1 versus 𝑇 .
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The solutions 𝑡𝑏0 of 𝑡0 = 0.01, 0.02, 0.03, 0.04, 0.05 are

shown in Fig. 5. It is found that 𝑡𝑏0/𝑡0 = 𝑏 = 2 for different

𝑡0. Therefore, 𝜈 = 1 and 𝜈 = 2.

For three-dimensional Ising model, the renormalized

eigenvalue 𝜎𝑏
1 in the critical region with ℎ = 0 is shown

in Fig. 6. The RG relation 𝜎𝑏
1 = 𝑏𝛽/𝜈𝜎1 is verified again

with 𝛽/𝜈 = 0.5199(3), in agreement with the recent Monte

Carlo study of high precision. [33]

In the one-dimensional Ising model, the correla-

tion length 𝜉 goes to infinity with 𝑇 → 0 as 𝜉 =

𝑎̃(ln[coth(1/𝑇 )])−1. [34] The susceptibility 𝜒 = 2𝜉/𝑎̃ indi-

cates that 𝛾 = 1 [22,35] and 𝛽 = 0. [34]

In Fig. 7, we can see that the renormalized eigenvalue

𝜎𝑏
1 of the one-dimensional Ising model follows the RG re-

lation at low temperature and deviates from this relation

when 𝑇 becomes higher.
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Fig. 7. Renormalized eigenvalue 𝜎𝑏
1 of the one-

dimensional Ising model with 𝐿/𝑎̃ = 214 and ℎ = 0. The
insets show the trivial fixed point at high temperature with
𝜔 = 1/2.

In summary, we have developed the RG theory of

eigen microstates for studying critical phenomena of com-

plex systems. In the statistical ensemble composed of mi-

crostates obtained from experiments or computer simula-

tions of complex system, a microstate can be considered

as a linear superposition of eigen microstates with proba-

bility amplitudes equal to the corresponding eigenvalues.

A finite eigenvalue in the thermodynamic limit indicates

the condensation of eigen microstate and the emergence

of phase, similar to and being a generation of the Bose–

Einstein condensation of Bose gas. Under the renormal-

ization of a factor 𝑏, the largest renormalized eigenvalue 𝜎𝑏
1

has two trivial fixed points at low and high temperature

limits respectively and the critical fixed point with the RG

relation 𝜎𝑏
1 = 𝜎1(𝑡𝑏, ℎ𝑏;𝐿/𝑏𝑎̃) = 𝑏𝛽/𝜈𝜎1(𝑡, ℎ;𝐿/𝑎̃), where 𝛽

and 𝜈 are the critical exponents of order parameter and

correlation length, respectively. With the 𝑑-dimensional

Ising models, it has been demonstrated that the RG the-

ory of eigen microstates can be used to identify the criti-

cal point and to predict critical exponents and universality

class. Our theory is able to deal with both equilibrium and

non-equilibrium systems without caring for the Hamilto-

nian, which is the foundation of Wilson’s RG theory and,

however, is absent for most complex systems.
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